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SO(3)-INSTANTONS ON L(p, q) xR

DAVID M. AUSTIN

1. Introduction

The introduction of gauge theory as a tool for studying low dimensional
topology has dramatically increased our understanding of three- and four-
dimensional phenomena. The general philosophy is to relate the topology
of the underlying manifold to the topology of a moduli space of anti-
self-dual connections on a suitably chosen bundle. However, the global
topology of these moduli spaces is generally difficult to extract; in fact,
even the existerice of instantons can be a hard question to answer.

In this paper, we study the existence of anti-self-dual SO(3)-connections
with finite Yang-Mills action (SO(3)-instantons) over the manifolds
L(p, q)xR, where L(p, q) is a Lens space. Our result gives necessary and
sufficient conditions for a bundle to support an instanton in terms of the
Pontrjagin charge and the asymptotic data. The key to this result is a com-
putation of the equivariant index of the Dirac operator on S* twisted by
an anti-self-dual SU(2)-connection. One finds instantons on L(p, g) x R
if and only if this character, which is a priori a virtual character, is an
actual one. ‘

In addition, we show how to describe the global structure of the moduli
space by a set of equations and explicitly determine the moduli spaces for
a few examples. More specifically, we obtain a reduced moduli space by
quotienting out the natural R action given by translation. One sees that
the dimension of this reduced moduli space is always even. Furthermore,
in the case when this dimension is zero, the reduced moduli space is a
singleton, and when this dimension is two, it must be S’-B , where B is
a collection of either 0, 1, or 2 points. One can presumably show that
the reduced moduli space has a natural complex Kihler structure.

The original motivation for this work lies in the study of 0;1 , the in-
tegral homology cobordism group of homology 3-spheres, and the com-
pactness properties of orbifold moduli spaces (see [11], [10], and [16]).
However, one may also view this paper as a first step to extending Floer’s
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homology theory for integral homology 3-spheres [12] to rational homol-
ogy spheres. Moreover, the geometric situation closely resembles that sug-
gested by 't Hooft for the study of quark confinement [15].

The exposition is organized as follows. In §2, we will reformulate
SO(3)-instantonson L(p, g)xR as SU(2)-instantons on S* invariant un-
der a cyclic group action. By employing the Penrose twistor construction,
the question about ASD connections on S” is equivalent to finding certain
holomorphic bundles over CP?. This is the essence of the ADHM clas-
sification of SU(2)-instantons and the subject of §3. All such instantons
are realized as linear maps between two finite-dimensional vector spaces,
A(z): W — V. One of the crucial steps, in both the ADHM classification
and our construction here, is the interpretation of W and V as the ker-
nels of twisted Dirac operators over S*. We will see that the invariant
instantons are described by equivariant linear maps.

An index computation forms the core of §4. Here we assume that there
is an invariant instanton on S* for an action of Z/2pZ on an SU(2)-
bundle and determine W and V as Z/2pZ representations through the
equivariant index theorem. In §5, this leads naturally to obstructions to
the existence of invariant instantons. It is shown that for an invariant
1nstanton to exist the action must be built from Z/2pZ actions that extend

to S st actions, where S denotes the double cover of S’ . The main result
is stated in §5.1. §6 demonstrates the existence of invariant instantons for
all of the actions built in this fashion. This completes the classification
of actions on SU(2)-bundles over S* that fix an instanton and therefore
classifies instantons on L(p, g) x R. §7 is devoted to deriving equations
for the moduli space and then the determination of the moduli space for
several examples.

2. Group actions

This section translates the problem of finding anti-self-dual SO(3)-
connections on L{p,g) x R into that of finding anti-self-dual SU(2)-
connections on S invariant under a cyclic group action. We first show
that a group action on S* induces an action on the space of gauge equiv-
alence classes of connections. A fixed point under this action gives a lift
of the action on S* to the bundle over S4, and this lifted action fixes
a connection. This presentation is designed to fix conventions as well as
provide background.

2.1. The Z/pZ action on S*. We take L{p, q) to have the standard
metric and orientation induced as a quotient of S . The universal cover
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of L(p, q) x R is conformally equivalent to Cc’ - {0}, where the deck
transformation group, Z/pZ, is generated by

(2.1) & (xysx) = (&, 87%,) 5
where & = ¢*®~1" is a primitive p root of unity, and ¢ is coprime to
p . Identify C? with H , the one-dimensional quaternionic space, by the
isomorphism (z,, z,) — z, + z,j. Then the Z/pZ action in (2.1), in
terms of quaternionic multiplication, is written

Ex) =" xg

where ¢ = ¢™~1P  This extends to an action of Z/pZ on S* with two
fixed points, denoted 0 and oco. With its canonical metric and orientation,
st may be taken as the Z/pZ-equivariant conformal compactification of
c’ - {0}.

Suppose that there is an ASD SO(3)-connection on L(p, g) x R with
finite Yang-Mills action. Pull the SO(3)-bundle and connection back to
c? - {0} and extend it, using Uhlenbeck’s removability of singularities
result [18], to an ASD connection on an SO(3)-bundle over S*. Since
w, of an SO(3)-bundle over S* vanishes, lift the SO(3)-bundle and con-
nection to an SU(2)-bundle and ASD connection over S*. Thus, an
SO(3)-instanton on L(p, g) x R gives an SU(2)-instanton on s*.

2.2. Actions on connections. We will review some basic facts about
group actions on connections following the notation of [6]. Let M be a
closed, oriented Riemannian 4-manifold and I" a subgroup of Diff(A/),
the group of diffeomorphisms of A . Let P be a principal G-bundle over
M . Throughout this section, we assume that

*

(2.2) y (P)= P foreveryyel.

First, we will show that there is an induced action on %, the space of
gauge equivalence classes of (r-connections.

We let & be the gauge group of P and # be the group of bundle
automorphisms of P covering an element of I' on M . Because of (2.2),
the following sequence is exact:

1% -># LT -1,

where r takes a bundle isomorphism into the induced diffeomorphism on
M. Let & be the space of all G-connections on P so that & = ¥ /% .



386 D. M. AUSTIN

Then # acts on & by h(V) = AVA™'. This action descends to an
action of # on % .

Let & be the stabilizer of V and %, be the subgroup of # that
fixes V. Suppose that [V] € & is a fixed point under the action of I".
Then the following sequence is exact:

1 -8, -2, —-T—> L

We now specialize to our case of interest: I’ =Z/pZ, G =SU(2), and
M = S*. Because an SU (2)-bundle over S* is classified by its second
Chern class and Z/pZ acts on s* by orientation-preserving diffeomor-
phisms, assumption (2.2) is satisfied. Furthermore, every connection V
on a nontrivial bundle has stabilizer &, = {x1} = Z/2Z so that the
following sequence is exact:

1 - Z/22 - Z, - Z/pZ — 1.

This shows that Z, = Z/2pZ or Z/pZ x Z/2Z. Hence, it is impossible,
in general, to conclude that the Z/pZ action on S* lifts to the bundle.
However, there is always a Z/2pZ action on the bundle that covers the
Z./pZ action on s* and fixes V.

Notice that Z/pZ acts on S* by orientation-preserving isometries so
that the action on 4 restricts to an action on .# , the moduli space
of ASD connections on P. Suppose then that V is an ASD SU(2)-
connection on S* obtained from L(p, g)xR. Then [V] will be invariant
under the Z/pZ action on .# and hence defines a Z/2pZ action on the
SU(2)-bundle fixing V. Conversely, an invariant connection descends to
a connection on L(p, g) x R. Then the problem of finding ASD SO(3)-
connections on L(p, g) x R is equivalent to finding Z/2pZ-equivariant
SU(2)-bundles over S* whose action fixes an ASD connection.

2.3. Characterizing Z/2pZ-equivariant bundles. We will develop a con-
venient language in which to discuss Z/2pZ-equivariant bundles. Up to a
gauge transformation, an action of Z/2pZ on the SU(2)-bundle P — s
may be described by the weights of the action on the fixed fibers over 0
and oo (see [10]). Using ¢ = ™~/ as the generator of Z/2pZ , denote
these weights by m and m', respectively. A Z/2pZ-equivariant bundle
will then be denoted by (k, m, m'), where k is the second Chern class
of the bundle and m and m’ describe the weights of the Z/2pZ action.

Suppose that a connection V is fixed by the action described by (m, m’).
Now (¥ = —1 acts as the identity on S* so it acts as a gauge transforma-
tion on the bundle; this gauge transformation is in the stabilizer of V and
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hence equal to +1. Now the action over 0 is given as (—1)" and over
oo as (—1)" and hence it is necessary that

(2.3) m=m mod 2.

We will assume this for the remainder of the paper.
Regard the following actions as equivalent:

(2.4) (m,m')N(—m,m')~(m,—m')~(p+m,p+m').

The first three actions are all gauge equivalent while the fourth is obtained
from the first by multiplying by the gauge transformation —1. If any one
of these actions fixes a connection, all of the equivalent actions must fix a
gauge equivalent connection.

Given an action, it will be useful to express it as (m, m') ~(ag-b, ag+
b), where a and b are integers. To do this, we must find solutions to the
equations
2aq =m' + m mod 2p,

(2.5) ,
2b=m —m mod 2p.

Solutions a, b will always exist since g is coprime to p and m, m'
have the same parity. We call the pair a, b a solution if it solves (2.5)
for some equivalent bundle in (2.4).

We will see later in §4.2 that ab = k mod p, where k = ¢,(P). This
also follows from [10] and should be viewed as as topological restriction
on the Z/2pZ actions on P arising from a computation of the equivari-
ant Chern character; that is, it is necessary that this condition be satis-
fied for the existence of the equivariant transition function S3A —SU(2).
Moreover, given a pair of integers a, b such that ab = k, there is a
7. /2pZ-equivariant bundle (k, aqg — b, ag + b). We will see that there
are, in addition, analytical obstructions to the existence of invariant ASD
connections for a given Z/2pZ-equivariant bundle.

3. SU(2)-instantons on S*

In this section, we present the ADHM classification of .SU(2)-instantons
on S*. The essential point here is the reinterpretation of the anti-self-
duality equations on S* in terms of holomorphic bundles on CP3, an
observation initially made by Ward [20] and described in detail.in [3], [1].
From this point, [2] gives a classification .of these bundles in terms of the
Horrocks construction. The result, as we shall see, is that instantons are
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described by linear maps between vector spaces which may be interpreted
as the kernels of twisted Dirac operators over S*. An excellent reference
for this material is [1].

3.1. The twistor space for S*. We will identify S* with quaternionic
projective space, HP' . Here we consider H” as a left H module so that
(x,¥) ~ (gx, qv), where (x,y) e H* — {0} and g € H = {0}. Notice
that the map

(3.1) (20, 25, 25, 24) = (2, + 2,], 23+ 2,])
gives an isomorphism of complex vector spaces C* =~ H’. This gives the
fiber bundle
cp'c—— cp’
(3.2) |2
s* = HP',

where a complex line in ¢t is mapped into the quaternionic line in which
it is contained. This demonstrates CP® as the so-called Penrose twistor
space for S* described in [3]. Left quaternionic multiplication by j in-
duces a bundle map covering the identity in HP' which will be denoted
by j: CP’ — CP’. In terms of homogeneous coordinates, j is written

j(zys 25, 25, 2,) = (=7,, Z, ’,_73’2‘)’
This map is antiholomorphic and induces the antipodal map on the fibers
of (3.2).

One should think of a point z € CP’ as describing a point p(z) € s*
and a complex structure for a Fuclidean neighborhood of p(z). This
points to the following correspondence of Atiyah and Ward (see [1]).

Theorem 3.1. There is a natural 1-1 correspondence between gauge
equivalence classes of anti-self-dual connections on an SU(2)-bundle FE
over S* and isomorphism classes of holomorphic structures on E = P (E)
over CP*, trivial on the fibers of (3.2), possessing a holomorphic nonde-
generate skew form (, ) andan antzholomorphzc bundle map o: E — E
covering j on CP*, and satisfying o° = —1 and (ou, ov)=(u,v).

3.2. The Horrocks construction and ADHM classification. Using the
identification of anti-self-dual SU(2)-connections over S* with holomor-
phic bundles over CP’ described in the preceding section, {2] shows how
to construct all instantons by using the Horrocks construction of algebraic
bundles over CP>.

Let W and V be complex vector spaces of complex dimension k& and
2k + 2, respectively. In addition, assume that W has a real structure,
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i.e., an antilinear map o: W — W so that 0% = +1 ,and that V hasa
quaternionic structure which we will also denote by ¢ sothat ¢: V — V'
and ¢° = —1. Furthermore, suppose V is endowed with a positive def-
inite Hermitian inner product ( , ). Notice that this results in a non-
degenerate skew form on V defined by (u#,v) = (4, ov). For a sub-
space U C V, denote its annihilator under the skew form by U?; that is,
U’={veV|u,v)=0}.

For z =(z,, z,, z;, 2,) € c , consider a map A(z): W — V which is
complex linear for a fixed value of z € C* and depends linearly on z. In
other words, A(z) has the form A(z) = Z?zl A;z;, where A, are linear
maps from W to V.

Let U, = A(z)W C V and suppose that A(z) satisfies the further
requirements:

Nondegeneracy. Forall z € - {0}, U, is a k-dimensional subspace
of V. This implies that 4(z) has maximal rank for all z.

Isotropy. Forall z € Cc- {0}, U, isisotropic with respect to the skew
formon V,ie.,

(3.3) U,cU,.

H structure. A(z) commutes with the structure maps in the following
fashion:

(3.4) g{d(z)(w)}=A4(z)(ow) forall ze c'and we W

This will descrige a holomorphic bundle over CP® as follows. For
[z] € cp’ , define E[Z] = U;’ /U, . Then E[Z] is a two-dimensional complex

vector space varying algebraically over CP? and hence defines an algebraic
two-plane bundle over CP’. By Theorem 3.1, this defines an instanton.

Among all such maps, call 4(z) equivalentto 4'(z) if there are isomor-
phisms y,,: W — w' and v,V — V' commuting with the structure
maps and preserving the skew forms so that the following diagram com-
mutes for all z:

w 22, p

wl W

W A'(2) v
The following is due to Atiyah, Hitchin, Drinfeld, and Manin [2].
Theorem 3.2. There is a natural 1-1 correspondence between gauge
equivalence classes of anti-self-dual SU(2)-connections on the SU(2)
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bundle over S* with second Chern class k and equlvalence classes of maps
A(z) as described above. :

Furthermore, Hitchin [14] shows that the vector spaces W and V have
natural interpretations as the solutions to differential equations. In partlc-
ular, : :

W =Ker(D;:T(S"®E) T (S"8E))
and
V = Ker (DS‘__@E:‘I‘(S“, ®S™ ®E)‘ - I“(S+ ®S~ @E)) .

It is important to note that the map A(z) arises naturally in this inter-
pretation. In addition, the cokernels of these Dirac operators vanish since
the scalar curvature of S* is positive (see [14]).

3.3, Z/2pZ invariant instantons. Suppose that E = (k, m, m') is a
Z/2pZ-equivariant SU(2)-bundle over S* with an invariant ASD SU (2)-
connection V which is described by the linear map 4: W ® ct- .
The naturality of the ADHM construction shows that W and V are,
respectively, real and quaternionic Z/2pZ representations.

Under the identification S* =~ HP' , the action on S* is written

Cllx:y) =[xy,
This lifts to the following action on CcP’:
(3;5) Y ([z1: 250 231 2,]) = ['zlcl_q': 2,071 2 71T z4C1+q]

which arises from a linear action on C*.

Due to the naturality. of the: ADHM constructlon a Z/2pZ invari-
ant instanton is described by a map -4: W ® C*' — V which is Z/2pZ-
equivariant with respect to these actions. In the next section, we will
compute the action on W and V. :

4. Index computations

Throughout this section, suppose that £ = (k, m, m') isa Z/2pZ-
equivariant SU(2)-bundle over S* with an invariant ASD SU(2)-connec-
tion V which is described by the linear map A: W ® C' = V. In this
section, weé will compute the action on W and V' through the equivariant
Atiyah-Singer index theorem.
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4.1, The Z/2pZ index of VW . Recall that we have identified . W with
the kernel of the twisted Dirac operator

D;:T(S"®E)—T(s'®E).
Write W. asa Z/2pZ representation |

2p—1
W= Z Wi Xy
=0

where x; is the one-dimensional irreducible representation of Z/2pZ of
weight /. Since the cokernel of the operator D, - vanishes, the values of
w, are available through the equivariant Atiyah-Singer index theorem [4].
Recall that this theorem allows the calculation of the Lefschetz numbers
Lef(Dy , ¢/), where ¢ = ™~/ ; we abbreviate this to Lef,,(j). These
Lefschetz numbers are related to the w, by the Fourier transform

2p—1 ’
1 N =/ —1jl/p
(4.1) w =5, ;Lefw(j)e
or
7! 1ji
(4.2) Lefy, ()= 3 we™ ",
' 1=0

Before computing, notice that W is an actual representation so that
w,; > 0 for all /. We record this in the following crucial lemma.

Lemma 4.1. A necessary condition for a Z/2pZ-equivariant bundle to
support an invariant ASD connection is that w, > 0 for all [.

We now begin the index computation. Since our fixed point set simply
consists of the two points 0 and oo, we apply the formula of [4]:

Lef,, (0) = index D = — ch (E) &/ (S“) [54] ,
(4.3) Lef,, (p) = (=1)° Lef,, (0) ,
Lefy, (j) =Y _v;(P) forj#0.p,
> .
where the sum is over the fixed points P and . :
ST (g g ) = T (Ul g )
(4.4) v (P) _ ( EP®SP) ( EP®SP ) .

A det ((1»‘ gj) |NP)

In these expressions, ch is the usual Chern character, & is the &7 genus
of S*,and N isthe tangent space of P in st Furthermore, [S4] denotes
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the orientation class in the top dimensional homology group of S*. Itis
important to understand the action of p € Z/2pZ on S ® E. Since
it fixes SU(2)-connections on S~ and E, the action must be £1. For
now, define &£ € {0, 1} sothat p actson S~ ® E as (—1)°. In particular,
p acts as (=1)" on E and as (—1)7"!' on ST. Hence, e=m+q+ 1
mod 2.

Let « denote the generator for H4(S4) so that a([S4]) =1. We com-
pute that (27(S4) =1 and ch(E) = 2 — ka, where ¢,(E) = k. Then
Lef,, (0) = —(2 — ka)[S*] = k and Lef,, (p) = (-1)°k .

For j#0, p, we compute Vj(O) . From (4.4), it follows that

cos 22 ‘ (cos "(";I)J — cos "(";1)’)
Vj (0) = N TIETT
4 sin —pi sin —gi

—cos%i

= Sein Zl sin 24
2sin 5 sin =

Similarly, we have

v, (00) = **TL,,—
/ 2sin 2/ sin 24

Then using (m, m') ~ (ag — b, ag + b), we obtain for j#£0, p,

cos M _ cos Tim.
y4 Y4

4.5 Lef,, (j) = . .

(43) w () 2sin —l’; sin —L‘l"p
sin 248 gin Zi%g

(4.6) = 2 p

sin 7 sin »

4.2. Parity considerations. Parity arguments force half of the w, to
vanish. Recall that e=m +¢ + 1 mod 2.

Proposition 4.2. w, =0 if [ #e¢mod 2.

Proof. We have Lef,,(p) = (—1)° Lef,,,(0) . More generally,

. . ’
cos ZELI™ _ cog 2ot

Lefy (0 +J) = —— <) sin 710

= (-1)" Lefy, (J).
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Then, if / #Z & mod 2,

2p—1
Z Lef ( ﬂ\/'—_ljl/p
j=0

- LZ [14+ (=1 Lefy e ™ U _ g qed.
j=0

Notice that for / = ¢ mod 2, we have
14 Y g
(4.7) w, = EZLefW (e ™ hp,

From here, we will demonstrate the topological constraint on actions on
the bundle mentioned in §2.3. This gives an index theoretic proof of the
following result of [10].

Proposition 4.3. ab =k mod p.

Proof. By an easy induction on », we obtain

$innd <~ VT[ne1-219
sinf Ee )
By letting /(r,s)=aq+b+q+1-2(rq+s), (4.6) gives

o magi Gombi @ b |
LefW (j) = Sin p_ Sin P _ Zzev‘lﬂl(’,f)l/p.
sinE;‘,U sin Epi

r=1 s=1

Notice that /(r, s) =emod 2. If / =& mod 2, then (4.7) becomes

”Zliz V=Tall(r ,5)=1)/p

jlrlsl
1pla

_ —ab+5222 V=1r[i(r,s) l]j/p

Jj=0 r=1 s=1

A simple orthogonality relation states that

121 N= ifl=1/(r,s) mod 2p,
p 2 -

— 0 otherwise.
Jj=0

Then since w, is an integer, (k —ab)/p is also an integer. This implies
that ab = k mod p and completes the proof of the proposition. q.e.d.

4.3. The Z/2pZ index of V. As noted previously, V' is identified
with the kernel of the Dirac operator

Di-gp: T(S ®S ®E) =T (S*0S E),
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and we write ¥V = 212561 v,%; - The action of p € Z/2pZ on the bundle

ST®ST®E is (~1)" so that
Lef, (0) = —ch (S‘) ch(E)Z (s“) [s“] =2k +2

and
‘ Lef, (p) = (-1)" 2k + 2).
For j #0, p, computing as before gives

Ler (_]) — (en\/——lj(q—l)/p + en\/——lj(q"l)/P) LefW (])

(4.8) o, o,
+en\/——11m /p +en\/——ljm /p
or
. - o V=Lj{g+1)/p av=Lj{g+1)/p .
Lef, (j) = (e” te Lefy, (/)
(4.9) Y ( ) u

+en\/——ljm/p +67!\/——11'"1/17‘

4.4. The Z/2pZ index of the deformation complex. The tangent space
to the moduli space at an ASD connection T[V]% is given by the kernel
of the operator

Digs: T(S" @S @n;) ~T(s* 05" @),
where 7, denotes the complexified adjoint bundle of E. At an invariant

connection, the weight O subspace of T[v]% gives the tangent space to

the invariant moduli space .#(E) =.# (k, m, m'). A computation shows
that
152
dlm‘%’(E) = ; . OLef +®77E (])
]:

5 p—1 . . - Lo ) .
+ - Zcot J cot zje s1n2 ’Um —:s1n2 Jm s
PP p p p
where n € {0, 1,2} is the number of m, m' £ 0, p. This may also be
obtained from the formula of [11]. One may see that this dimension is
always odd.

5. Obstructions to the existence of invariant instantons

In this section, we will develop a necessary condition for a Z/2pZ-
equivariant bundle to support a Z/2pZ-invariant instanton. In §6, a con-
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struction will show that Z/2pZ-equivariant bundles satisfying this condi-
tion support invariant instantons.

51. § 1-equivariant bundles and composites. Recall that an SU(2)-
bundle E over S* is described by three pieces of information: the second
Chern class k, and the weights of the Z/2pZ action over the fixed points
0 and oo; thatis, (k, m, m'). Furthermore, any solution (a, b) of (2.5)
must satisfy ab=k mod p . :

First, consider the Z/pZ action on S*. Under the standard inclusion
i:Z/pZ — S’ this action extends to an S' action on S* as

oV VTT002 V=162

for e‘/?"" €S' and x € H. Let S' denote the connected double cover
of S'. This allows us to construct some Z/2pZ-equivariant bundles by

restricting the S st action on a S -equivariant bundle. The results of [10]
provide a classification of S -equivariant bundles:

Lemma 5.1. The Z/2pZ action on E extends to an St action on E
covering the S' action on st if and only if there is a solution to (2.5) such
that ab=k.

Definition. A Z/2pZ-equivariant bundle (k, m, m') is a composite
of Z/2pZ-equivariant bundles {(k;, m,, mi)}:;l if k,>0, k= 27=1 k,

m=m mod 2p, m'l.zmi+1 mod 2p, and m'zm;.
Our main result can now be stated in terms of composites of S'-
equivariant bundles.

Theorem 5.2. A4 Z/2pZ-equivariant bundle supports an invariant ASD
connection if and only if it is a composite of S'-equivariant bundles. _

A few remarks are in order. First, our clgﬁnition implies that an S'-
equivariant bundle is itself a composite of § !_equivariant bundles. Also,
since S'-equivariant bundles are well understood by Lemma 5.1, this theo-
rem gives a classification of SO(3)-instantons over L(p, g)xR. Examples
show that a Z/2pZ-equivariant bundle may be written as a composite in
a number of inequivalent ways.

Example 1. Consider the Lens space L(5, 2) and the Z/10Z-equivari-
antbundle (3, 1, 5). Thisisan S'-equivariant bundle since a =1, b = 3
is a solution to (2.5). However, it is also the composite of (1, 1, 3) and
(2, 3,5), each of whichisan S 1-equivariant bundle.

Example 2. The Z/34Z-equivariant bundle (7,0, 4) over the Lens
space L(17, 3) is the composite of (3,0, 6) and (4, 6, 4). Another
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decomposition is (6,0,2) and (1, 2,4). This bundle is not an st.
equivariant bundle. '
Example 3. Over the Lens space L(7, 2), the Z/14Z-equivariant bun-

dle (1,0, 8) is neither an $'-equivariant bundle nor a composite of S'-
equivariant bundles. As such, it will support no invariant instanton by
Theorem 5.2.

5.2. A difference equation for w,. To prove Theorem 5.2, we start
by showing that if a Z/2pZ—equivarisz bundle £ supports an invariant

instanton, then E is a composite of S'-equivariant bundles. Lemma 4.1

and a difference equation for the w,; will assist us.
First, we consider the special bundles (cp, m, m). In this case,

{’c if/=emod 2,
w, = )
0 otherwise.

For positive ¢, this is a bundle satisfying w, > 0. Qne easily sees that

such a bundle is a composite of S'-equivariant bundles. We will state this
as a lemma now.
Lemma 5.3. If E = (cp, m, m) with ¢ >0, then w,(E) >0 and E

is a composite of S'-equivariant bundles.  q.e.d.

For this reason, we will assume that m = m' in what follows. Also,
because half of the w;, vanish by parity restrictions, we will only consider
those w, with / =¢mod 2.

We begin by recalling the Lefschetz numbers of the operator D, . When
j#0, p, (4.6) implies

sin ”—‘;ﬂ sin El—l)’i

aqj —aqj bj —bj
(5.1)  Lef,, (j) = (e (e J).

sin ﬁgi sin 1’1;2 B (gqi _ g—qj) (gj _ g—j)

To express a difference equation for the w,, define A, = w,,,, —w;.
Then (5.1) together with the Fourier relation for w, gives

1 2p—1 caqj _ évaqj évbj _ g—bj B ~
A=5 ZO ((é‘q_/ _ {“4_/)>((€j _ ¢—1>) (i - 1) -

j=

= (aai _ e\ (b b
——7,5%(. 5 )(i’—i'j -
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Using the fact
C C b i (b+1-2r);
-
we obtain our difference equation
2p—1

b
_ 1 (@~1)gj _ p—(a+1)qj (b+1-2r)j p~1
&= =gy X (T - ) o
j=0 r=1

We will adopt a convention to compute the A, . By (2.4), we may assume
that m, m’' are represented by integers satisfying 0 < m < m’' < p. This
then gives

-1 for1+q+le{m+2,m+4,---,m’},
Ay=4 41 for1+1+le(—m'+2,—m’+1,---,—m},
0 otherwise.

The values for /, of course, are always taken to have the same parity as
¢ . In the next section, we will use this to prove that a bundle with w, > 0

is necessarily a composite of S!-equivariant bundles.

5.3. Decomposing bundles. The aim of this section is to prove the
following

Theorem 5.4. If E is a Z/2pZ-equivariant bundle and w, > 0, then

E is a composite of S'-equivariant bundles.
Because of Lemma 4.1, this implies that a Z/2pZ-equivariant bundle

supporting an invariant instanton must be a composite of $'-equivariant
bundles. This is one of the implications of Theorem 5.2.

The proof of Theorem 5.4 proceeds by induction on the instanton num-
ber k. A series of propositions will give the result. Recall that Lemma 5.3
means that bundles of the form (cp, m, m) satisfy w, > 0 and are com-

—_—

posites of S'-equivariant bundles. For this reason, we will assume that
m £ m’ in the following. We begin the induction at instanton number
k=1.

Proposition 5.5. If E = (1, m, m') and w/(E) > 0, then E is an
S'-equivariant bundle.

Proof. Since W is a real Z/2pZ representation, w;, = w_,. Then
w; = 0 for all / with the exception that either w, = 1 or w, = 1.
Assume w, = 1. Then by (4.8), V = Xig—1y T Xam' - Also by (4.9),
Vo= XYooy ¥ Xim - This gives m = g~ 1 and m' = g + 1 for which
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a=1 and b =1 are solutions to (2.5). Hence E=(1,g—-1,g+1) is
an S'-equivariant bundle. The case w = 1 is similar.

Proposition 5.6. Suppose the Z/2pZ-equivariant bundle E = (k , m, m')
is a composite of the two bundles E, = (k, ,m, m\)and E, = (ky,m,, m’z) .
Then

w,(E)=w, (E,) +w,(E,) foralll.

Proof The deﬁnltlon of composite implies that k =k, +k,, m; =m,

m1 =m,, and m2 = m'. Then
7

. B 7 . .
njm njm njm njm
cos—ﬁ—)— — ¢cos ]p = cos L _ cos =1L

(3.2) T im zint
Iy cos

+ cos

for all j. This implies that Lef,, (E, j) = Lef, (E,, j)+Lef, (E,, j) for
all j. Since the Lefschetz numbers and the w, are related by the Fourier
transform, the proposition is proved. = q.e.d.

The proof of this proposition is quite easy by the index computatlon
However, it should be considered as arising from the excision property of
the index. . , : :

Proposition 5.7. Given E = (k, m, m') with w(E) > 0, there is an

S'-equivariant bundle E =(k,m,, m’l) satisfying the following:
(1) Either m; = m or m’1 =m.
(2) 0<w/(E))<w/(E) forall I.
The proof of this proposition is combinatorial and will be given in §5.4.
Assuming this proposition for now, we offer a proof of Theorem 5.4.

- Proof of Theorem 5.4. Let E = (k, m, m') satisfy w(E) > 0. As-
sume, by the induction started in Proposition 5.5, that the rg§ult holds for
all bundles with lower instanton number. Let E, be the § 1-equivariant
bundle given in Proposition 5.7 and assume for convenience that m;, = m.
Then let E, = (k -k, m’I ,m') so that E is the composite of E, and
E, . By Proposition 5.6,

w, (E,) =w, (E)—w, (E,) 20,
and E, has lower instanton number than E. By induction, E, is a com-
posite of S.l-equivariant bundles. Since E, is an S'-equivariant bundle,

E is a'composite of S! equivariant bundles. This completes the proof of
Theorem 5:4.
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5.4. Proof of Proposition 5.7. We will now begin the proof of Proposi-
tion 5.7. Let E = (k, m, m') be a Z/2pZ-equivariant bundle satisfying
w; > 0. We will suppose that the Z/2pZ action is in the form used in
the last section to derive the difference equations: 0 < m < m’' < p. For
all / € Z/2pZ satisfying A, = —1, let

a(l)=min{j €Z"|A,_,;, =+1},
and set a = min{a(/)[A, = —1}. Let
I ={lA)=-1land a(l) = a}.

By letting b = m’' — m, . is determined as follows.
Lemma 5.8. There exists a positive integer §,0< S < b, so that either
one of the following is true:

(i) T ={m'-(g+1)=-2jlj=0,1,---, -1},
(i) S ={m-(g+1)+2jlj=1,---, B}.
Proof Let [ €9 and write [=m' — (g+1)—-2j with 0< j <b.
Also, let i be the smallest positive integer so that / — 2aqg = —m — 2i.

There are two cases to consider. First, suppose that i > j. If j # 0,

then ([ + 2) = 2aq = ~m — 2(i — 1) so that ({ + 2) € . . By inducting
downwards on j, it follows that

{m'-@+1,m-@+1-2,-,1}cT,

and case (1) holds. Similarly, the case when i < j gives (ii). This proves
the lemma. q.e.d.

Suppose, for definiteness, that 7 = {m' — (g + 1), --- ,m —(g+1) -
2(f ~ 1)} . The other case is handled in a similaNr manner.

Lemma 59. E, = (af, m —28m’) isan S L equivariant bundle.

Proof. We need to show that o and f form a solution to equations
(2.5) for the bundle with action (m' —~28, m'). First, it is clear that § is
a solution to

28=m' - (m’ - 2/;) mod 2p.

It only remains to show that 2ag = m’ + (m' — 28) mod 2p, which is
equivalent to showing

(5.3) (m' - 2/3) —2aqg=-m'" mod 2p.

Note that j € 7 ifand only if A; = ~1 and j+g+1-2aq € {-m'+2,
—m'+4, -, —m'}. Now m'=2(f—1)—(qg—1) =m'=28—(g+1)+2 €T

and m' - 28— (q+1) ¢ . If A, _,, ., =—1, it must follow that
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m =28 —2aq+2=—m' +2 verifying (5.3). If Am'—Zﬂ-—(q+1) # —1, then
B = b. In this case,

m+2—-2aq,m+4—-2aq, - ,m'—2aq€{—m'+2,-~ ,—m}.

Then m +2 —20g = —m' + 2 so that (m' — 28) — 2ag = —m’ again
verifying (5.3). This proves the lemma. q.e.d.

Let w, and A, be defined by the bundle E, . The difference equation
takes the form

—1 iflegrte{m g2, m},

!

Ar=91 ifl+q+le{—m’+2,---,—m'+ﬂ},
0 otherwise.

Notice that A, # 0 implies that A} = A, and that A, = 0 yields that
A, =0.

Lemma 5.10. For [ =j—2ig with j€F and 0<i<a, A, =0.

Proof. Suppose that [ is as in the statement of the lemma and that
A, # 0. First of all, suppose that A, = —1. Then since A geg =+1s it
follows that Al sia—ig = +1- Thus a(/) < a — i < a, contradicting the
minimality of o. If A, =+1, then a(j) <7 < o, again contradicting the
choice of «. This completes the proof. q.e.d.

Lemma 5.11.

(5.4) , {1 ifl=j—-2iq, where je.9, 0<i<a,
. w, =
! 0 otherwise.

Proof. Using Lemma 5.10, one simply checks that the difference equa-
tion defined by A; is satished and that Ew,’ = aff. This proves the
lemma.

Lemma 5.12. Forall I, 0 <w) < w,.

Proof. We need only consider the case / = j — 2ig, where j €.9 and
0 < i < a, since otherwise w,’ =0 < w,. Since j €7, it follows that
Aj=w,,,—w;=-12>-w, sothat w; > 1 =w;.. For [ = j—2iq with
0<i<a,Lemma 5.10 gives A, = 0. Then w, = w; 2 w;. = w;. g.e.d.

We have now demonstrated an S!-equivariant bundle satisfying the
conclusions of Proposition 5.7. This completes the first half of Theorem
5.2 which we state as follows.
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Theorem 5.13. If a Z/2pZ-equivariant bundle supports an invariant

ASD connection, it is a composite of S'-equivariant bundles.

6. Constructing invariant instantons
In this section, we will show the existence of a Z/2pZ invariant instan-

ton on a Z/2pZ-equivariant bundle that is a composite of S!-equivariant
bundles. Donaldson’s theorem relating holomorphic framed bundles on

CP’ to framed instantons on S* shows how to construct §' invariant
solutions on S'-equivariant bundles. Then we use an equivariant version
of Donaldson’s grafting result to construct Z/2pZ invariant instantons on
Z/2pZ-equivariant bundles.

6.1. The framed moduli space. Let A denote the moduli space of
framed ASD SU(2)-connections on an SU(2)-bundle P over S*. The
points of & are pairs (V, f), where V is an ASD SU(2)-connection
on P and f is a frame for E over oo; thatis, f: P — SU(2) is an
isomorphism respecting right translation. Two such pairs are equivalent
if they differ by a gauge transformation. Neglecting the frame at oo gives
amap # — .# . We will construct a Z/2pZ action on .# that covers
the Z/2pZ action on .# . Then a fixed point in M implies a fixed point
in .# . .

Consider CP? contained in CP’ by the following inclusion:

(x:y:z)— (x:y:2:0).

The projection p: cP’ - 5% in (3.2) restricts to a map p: CP> = S* that
takes the line {z = 0} to oo andis 1-1 outside this line. Given a framed
ASD SU(2)-connection on E, pull the bundle, connection, and frame
back to CP*. This gives a holomorphic framed bundle over CP’ with a
fixed trivialization for the bundle over the line {z = 0}, and gives a map
p: M — OM where @4 denotes the moduli space of holomorphic
bundles trivial over the line {z = 0} and with a fixed trivialization over
this line.

The following is due to Donaldson [8].

Theorem 6.1. The map p* isa 1-1 correspondence. -

Using this, we will demonstrate a Z/2pZ action on &.# and hence on
M.

Let [X] denote homogeneous coordinates on CP’ , where X=(x,y, z)
eC’. Let H , K, L be complex vector spaces of dimensions k, 2k +2,
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k , respectively. A monad is a sequence of linear maps for each X € c ,
HE3 k%,

so that B, A, = 0 for all X. We also require that 4, is injective and

B, is surjective for all X and that the maps 4, and B, depend linearly

on X ;thatis,

| Ay=Ax+A4y+A4,z, By=Bx+By+B,z.

As in the ADyM construction, this defines a holomorphic bundle E over

CP? where Ejy, = Kernel By /Image Ay . The condition that the bundle

be trivial on the line {z = 0} is equivalent to B, 4, = B 4 being an

isomorphism. Regard two monads as equivalent if there are isomorphisms

so that the following sequence commutes:

AX BX
— ~—

H K L
! } !
H _A,i, K ﬂ_} I

We offer now a coordinate description. Denote the k xk identity matrix
by I, and the k x k zero matrix by 0, . Choose bases for H, K, L so

that
I, 0,
A, =101, Ay= I},
0 0

Bx:(ok I, 0)= B =(_Ik 0, 0)~

y

@)
A4, =1 a, |, Bzz(—oz2 a, b).

Also, we write

a
The equation B A4, = 0 is equivalent to [«,, «,] + ba = 0. Notice that
equivalence classes as expressed in (6.1) correspond to orbits under the
following action of GL(k,C): for g€ GL(k,C),
1

g(a,ay,a,b)= (g8, gayg™' ag™, gh).
Barth [5] proves
Theorem 6.2. The space @.# of framed holomorphic bundles over Ccp’
is given as the quotient, under the GL(k, C) action, of the set of matrices
(ay, a,, a, b) so that
(1) [e),a]+ba=0,
(ii) forall (A, u)eC?,
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a, +4
a, + 1 Is injective
a
and
(—ay—p a;+4 b) issurjective. .

~

6.2. S' invariant instantons on S'-equivariant bundles. Throughout

this section, assume that £ = (k, m, m’) is an S'-equivariant bundle
with (a, b) a solution to (2.5) so that ab = k. This implies that there is
an S! action on E , where § ' is the double cover of S! , with weights
(ag—b, ag + b) covering the S ! action on S*. In this case, Donaldson’s
theorem allows us to construct § ! invariant instantons.

As in (3.5), the S! action on S* lifts to the following linear action on
cP’:

0 ([z,: 2yt 230 24]) = [2101—": 2,6 29779 2401+q] :

where 6 € S'. Fortuitously, the action restricts to an action on CcP’:

O(x:y: z]) = [xgl—‘l: y0—1+q: 20—1—(1] ‘

There is an action of S' on &4 given by 6(4,, By) = (AH(X)’ Be(X))'

By Theorem 6.1, this gives an action in .# . As this action is induced
from the action on S* lifted to CP? , it covers the action on .# under

the map A — # . We will now construct an S' fixed point in oH ,
thus giving a fixed point in ,{;f . To do this, we will construct a monad

(Ay , By) together with an § ! action on H, K, and L so that the fol-
lowing commutes:

AX BX L

€ Lol

AH(X) BH(X)
H K L

Using W, V' from the ADHM construction, identify H and L with
W and K with V. The Z/2pZ action on W has Lefschetz numbers

a b .
Lef,, (j) = Z Zen\/—_l/(r,S)J/p ’

r=1 s=1
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where /(r,s)=aq+b+qg+1—2(rg+s). Then

a b
W=32 X5

r=1 s=1 -
and choose a basis for W, {el.’j|z‘ =1,--,a; j=1,---,b}, so that
S' acts on e, ; with weight i, j).
Similarly, recall (4.8): o
Lef (_]) — (eﬂ\/~_1(l—q)j/17 + en\/__l(_1+q)j/p) Lef (_])
y U= w

— . ! o —l. 1
+en\/_ljm/p+e n\/_Jm/P.

Then

a b : -
V= Z Z (Xl(r,s)-—l+q + Xl(r,s)+1—q) + Xaq+b + X—(aq+b)'

r=1 s=1

Choose a basis for V' of the form
+ — . .
{fi;j"fi,j’ Jagrvr Soagepli =1, a;j=1,- ,b} ,

where S! acts on flij with weight /(r, s)+(g—1) and on fi(aq+b) with
weight +(aq + b).
Define
a(e ):{f[jj+l ifi<j<b, a(e )_{f;:u, ifi<j<a,
AN 0 otherwise, 2\"hJ 0 otherwise,

a(eA’,)%{f—(aqHJ) ifi=a,j=b, b(faq+b)=e1,1,
o 0 otherwise, B
| 1 b ‘(f—(aq+b)) =0.
This defines an equivariant monad in the sense of diagram (6.2). We

will now verify that it defines a point in ol by checking the conditions
in Theorem 6.2. First, let L be the b x b lower diagonal matrix

00 ..00
1 0..00
L={0o 1 ... 00
00 ..10

and 7, the b x b identity matrix. Then, as block matrices, o, and «,
have the form
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€1 .o G €.b €21 €. b
fin
fie
hy
al =
fab
A
farb
1,1 €1 €a—1 €-1.6  €a,1 €a.b
+
1,1
0 0
1,b
i
Q, = [b 0
2,b
Ay
' 0 A
fab

With respect to the same ordering of the basis for W,

and

a= f_(a‘1+b)

ag+b

0

0
0

f—(aq+b) -f;zq+b

0
0.

1
0
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From these forms, it follows that ba = 0 and oy, = a,a,. Then
[o, @,] +ba =0 and the nondegeneracy conditions are verified by notic-
ing that there are always nonzero minors. This defines a point in on
that is fixed under the action of S' because of the equivariance expressed
in (6.2). N

As the bundle E is defined by Kernel B, /Image 4, , and the st ac-
tion commutes with B, and A4, , this gives the action on the bundle E
covering the action on CP? . Over the fixed point [0: 0: 1], the action has
weights +(ag —b) while over [1: 0: 0], the action has weights +(ag +b) .
This action descends to an action on the bundle E over S* fixing the
connection. This demonstrates the existence of ASD SU(2)-connection

on E invariant under an S' action with weights (ag — b, ag + b) over
the fixed points 0 and oco. This gives a Z/2pZ invariant instanton on a

S'-equivariant bundle. Furuta has announced similar results [13].

6.3. Equivariant grafting. For a Z/2pZ-equivariant bundle E =
(k, m, m'), denote the moduli space of Z/2pZ invariant ASD SU(2)-
connections as #(E) = .#(k, m, m'). Suppose that E is a composite
of the bundles E, = (k,, m, m'l) and E, = (k,, m,, m'z) with princi-
pal bundles P, and P,, respectively, and that .#(E|) and .#(E,) are
nonempty. The definition of composite implies that m; = m,. Then let
I be the space of Z/2pZ-equivariant isomorphisms P, o — P, o modulo
{£1}. In particular, if m, # —m,, then [ = S' and if m, = —m, , then
I = S0(3). Braam [6] has proven an equivariant version of Donaldson’s
grafting result [9] which we now apply.

Theorem 6.3. Given points A, € #(E,), there are neighborhoods A; €
U, C #(E,) so that there is a local diffeomorphism

®: U xU,xI—#(E).

In particular, #(E) # &. :
Combining this with the results of the last section gives the immediate
corollary:

Corollary 6.4. If a Z/2pZ-equivariant bundle is a composite of st
equivariant bundles, then there is a Z/2pZ invariant instanton.

Taken together with Theorem 5.13, this completes the proof of Theorem
5.2.
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7. Examples

In this section, we will show how to explicitly determine moduli spaces
by several examples. First, we derive a set of equations that the equivariant
maps A(z) must satisfy. Then we briefly discuss two group actions on s
which will give additional information about .# (k , m, m') . In particular,
we can compute the Euler characteristic of .#(k, m, m') following the
technique of Furuta [13] Fmally we compute the moduh space for a few
examples.

7.1. Equations for the ADHM matrices. This section is concerned with
deriving a coordinate description of the ADHM matrices. We do this by
choosmg convenient bases for W and V . ‘At this point, we do not requ1re
Z/2pZ- equlvarlance of the maps A(z): W — V.

Write A(z) = >_A4,z,. For a choice of the basis for W, write the
structure map g as complex conjugation composed with a matr1x J
where J2 = = I, . Then choose a ba51s for V' so that '

I\ 0,
a=[0 ], 4=[1].
.0 0,

In terms of this basis for V', the structure map ¢ on } is complex
conjugation composed with the linear map

(0 -J 0
J=17 0 0},
0o 0 &)

where 4 isthe 2x2 matrix = (9 ') . With this basis, take the standard
Hermitian inner product on V. The skew form is then given by the matrix

J.
a1‘ [ B
Ay=1a |, A={8].
a b

Write
‘The isotropy condition given in (3.3) implies that
g=-JayJ, = p,=JaJ, b=hal
Then the quaternionic structure condition, (3.4), gives
(7.1) _ a§=Jal~J,,.
(7.2) [a), a)] +b7a=0;"
(7.3) k [al,a’;]+ {az,a;]+b*b—u*‘a'=0."'
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These equations, along with the condition that A(z) is injective for every
z , characterize the linear maps representing ASD SU(2)-connections on
S* . The condition that two sets of matrices (a,, @,,a) and (¢, a;, d)
be gauge equivalent is that there be a g, € O(k), the kxk real orthogonal
group, and g, € SU(2) so that

o =g o8, 4 =48

7.2. Further actions on .7 . Before we explicitly construct some Z/2pZ
moduli spaces, we will consider two more group actions on .# , the moduli
space over st

First, there is the action of R", the positive reals under multiplication,
on S* given by dilation. In terms of quaternionic multiplication A(x) =
Ax, where A € R . This is an action by conformal transformations rather
than isometries. Since this action commutes with the Z/pZ action on s* ,
there is an induced action on .# (k, m, m'). Denote the quotient moduli
space A '(k, m,m') =4 (k, m, m')/R".

Furthermore, let 72 =S' x §' acton S* by

(65 &) x = (6,6) * (6.5,)

Notice that this extends the Z/pZ action since Z/pZ is included in T?
by eV WP, (e‘/—-l”j/p, e‘/:T”jq/p). As this commutes with the Z/pZ
and R" actions on S4, it defines an action of T2 on .# (k,m,m') and
#'(k, m,m'). Consider the inclusion S' < T? given by { — (¢, {")
for some n . Forintegers a, b sothat ab = k, the construction in §6 gives
an instanton gauge invariant under the § ! action on .# and invariant

under the S' action on the SU(2)-bundle with weights (an~b, an+b).
Furthermore, this construction shows that if n > b, the fixed point set
in this moduli space is simply an arc. Indeed, this arc is fixed by the full
T2 action. This implies that the 72 action on .# "(k, m,m') has a fixed
point for every solution a, & to (2.5) so that ab = k. Conversely, every
fixed point arises in this way. An application of the Lefschetz fixed point
theorem shows that

Proposition 7.1. x(# (E)) = the number of solutions to (2.5) such that
ab = k. In particular, y(# (E))>0.

This idea comes from Furuta [13].

A number theoretic computation shows that

Proposition 7.2. If dim.#(E) =1, then #(E)=R.

Proposition 7.3. If dim.#(E) = 3, then #'(E) = §* — B, where B
is a collection of either 0, 1, or 2 points.
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Proof. 1t is well known that these moduli spaces are orientable. More-
over, if .#'(E) is compact, then Theorems 5.2 and 6.3 imply that E is

an S'-equivariant bundle and hence y(.#’(E)) > 0. For this reason, the
two-torus S' x S’ cannot occur as a reduced moduli space. q.e.d.

The examples that follow show that all of the possibilities in Proposition
7.3 are realized.

7.3. Examples.

Example 1. Consider the Lens space L(5, 1) along with the Z/211g-

equivariant bundle (2, 1, 3). Notice that this can be written as an st
equivariant bundle with ¢ = 2, b = 1. Another solution to (2.5) is
a=1, b=2. By the results of the previous section, we expect the Euler
characteristic of .# (2,1, 3) tobe 2. '

We will describe instantons on this bundle. Recall that the Z/2pZ
action on C* is written

l—g —1+q —1—g l1+g
$(21 230 235 24) = (2,877, 2,070, 2,071, 2,0

We compute W = x, + x, and V' = 2y, + 2%, + x5 + X; - Choose bases
for W and V asin §6. Then

1 9

1 0 0

9 |4 0
4= 1 |0 o0
9 |1 o0
3 o o

7 10 4

where the weights of the actions on W and V' are written on the top and
side, respectively. In terms of these bases, J = ( ) Then

(0 0 {0 0 a_OOkb_IZO
1784, 00 T 4, 0)0 “T 0 4) TN 0 o)
(7.1) and (7.2) are automatically satisfied. Then (7.3) gives.

[+ 4,17 = 1)

The nondegeneracy condition is simply-that A, # 0. Some of these maps
are gauge equivalent. By quotienting out the equlvarlant gauge group, we
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obtain .# (2,1, 3) = CP' x R. As expected, this has Euler characteristic
2. The fixed points under the T? action are the points given by 4, =0
and 4, =0.

Example 2. Onthe Lens space L(5, 2), we will construct .#(3, 1, 5).
The equivariant maps are described by .

2 8 O
1 0 0 0
7 0 0 4,
-9 A0 0
A;= 3 0 0 0
9 A4 0 0
1 o 0 o
5 0 4 0
5 0 0 o0
Here, J is written as
_ (O 1 0)
J=]1 0 0].
0 0 1

Using equation (7.1), write

000 000
=] 0 0 4], ay=14 0 0], a=(8 '16* 8).
i, 0 0 0 00

The nondegeneracy condition is that 4, # 0 and 4, # 0. (7.3) becomes
2 2 2
A7+ 1457 = 4,]".

Again, quotienting out the gauge group gives .# (3, 1, 5) = CP' - {00} .
Notice that .#” has Euler characteristic 1 corresponding to the solution
a=1, b =3 to(2.5). In addition, the noncompactness of .#" arises
since (3, 1, 5) is the composite of the bundles (1, 1, 3) and (2, 3, 5).
Since .# (1,1, 3) =.#(2, 3, 5) =R, Braam’s equivariant grafting result
implies that there-is a local diffeomorphism. R x R x st > H(3,1,5)
which is verified in the model.
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14 20

8§ 26

32

Example 3. Take the bundle (7, 0, 4) over the Lens space L(17, 3).

32

30

24
12
18

10
28

16
22

30

Applying (7.1) gives

OO O OOO
OO OO OO
OO OO OO
OO OO OO

O OO OO OO

<~oocoocoo

coJoo00O
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00 0 0 00 O
00 0 4 0 0 O
00 0 00 0 O
=100 0 0 0 4 O],
10 0 4 0 0 0 O
00 0 0 0 0 4
00 0 0 0 4 O
4= 0 00 4 O OO
“\4, 00 0 000
(7.2) gives
Ay = A A =0

while (7.3) gives
Ml!z = [’lslz , Mﬁlz = |.}‘8|2 ) Mﬁlz = |’13|2 + |}‘5|2-

The nondegeneracy conditions state that all variables must be nonzero.
One sees that .# (7,0, 4) = (CP' — {0, }) x R. Since this bundle is

not an S'-equivariant bundle, the Euler characteristic of .# is zero. The
two ends of .#' = CP! — {0, oo} correspond to the two decompositions:
(3,0,6), (4,6,4) and (6,0,2), (1,2,4).

Example 4. Take the bundle (2,0, 0) over the Lens space L(2,1).
Recall that L(2, 1) = .SO(3). The equivariant maps are:

0 2

0 [0 4

2 |4 0

A= 0 | 0 4
2 |4, 0

0 |0 4

o [0 o

Equations (7.1) give

V(0 4 (0 4 Lo (0 A
1T\4 0 T4, o) —\o0 o

Then .#(2,0,0) = SO(3) xR xR or .#' = S0O(3) x R. This has Euler

~

characteristic zero as expected since it is not an S'-equivariant bundle.
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Notice that the Pontrjagin charge of this bundle is 4. One end of .#’ cor-
responds to a charge popping off at a point of SO(3) xR as in Donaldson’s
original proof [7]. The other end is due to the decomposition (1, 0, 2),
(1,2, 0) and has the form R x R x SO(3) as predicted from Theorem
6.3.
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